The recent GPS Block IIF satellites SVN62 and SVN63 and the Galileo satellites GIOVE-A, GIOVE-B, PFM and FM2 already send signals on more than two frequencies, and more GNSS satellites will provide tracking data on at least three frequencies in the near future. In this paper, a simplified general method for ambiguity resolution minimizing the noise level for the triple-frequency geometry-free (GF) and ionosphere-free (IF) linear combinations is presented, where differently scaled code noise on the three frequencies was introduced. For the third of three required linear combinations, the most demanding one in triple-frequency ambiguity resolution, we developed a general method using the ambiguity-corrected phase observations without any constraints to search for the optimal GF and IF linear combination. We analytically demonstrate that the noise level of this third linear combination only depends on the three frequencies. The investigation concerning this frequency-dependent noise factor was performed for GPS, Galileo and Compass frequency triplets. We verified the theoretical derivations with real triple-frequency GPS and Galileo data from the Multi-GNSS Experiment (M-GEX) of the International GNSS Service (IGS). The data of about 30 M-GEX stations around the world over 11 days from 29 April 2012 to 9 May 2012 were used for the test. For the third linear combinaton using Galileo E1, E5b and E5a, which is expected to have the worst performance among all the GNSS frequency triplets in our investigation, the formal errors of the estimated ambiguities are in most cases below 0.2 cycles after 400 observation epochs. If more GPS satellites sending signals on three K. Wang (B) · M. Rothacher Institute of Geodesy and Photogrammetry, ETH Zurich, Schafmattstr.34, 8093 Zurich, Switzerland e-mail: wangk@ethz.ch M. Rothacher e-mail: markus.rothacher@ethz.ch frequencies or more stations tracking Galileo E6 signal are available in the future, an improvement by a factor of two to three can be expected.
Introduction
Nowadays, different GNSS already provide or will provide their tracking data on three or even four frequencies. It is, thus, interesting to exploit the advantages of the increasing number of frequencies and search for geometry-free (GF) and ionosphere-free (IF) linear combinations with minimized noise. Hatch (2006) introduced a method for obtaining triple-frequency GF, refraction-corrected, ambiguityresolved carrier-phase measurements. Feng et al. (2007) provided a model using the differences between geometry-based (GB), i.e. the geometry-related terms were preserved, triplefrequency code observations and GB triple-frequency phase observations to form geometry-free linear combinations, and their differences were investigated with respect to their ionospheric refractions and noise levels. Recently, Henkel and Günther (2012) introduced a more general method that uses simultaneously multi-frequency code and phase observations allowing an arbitrary scaling of the geometry, the ionospheric delay and the minimized noise level. The code noise on the three frequencies was assumed to be scaled according to the Cramer Rao bounds (CRB) (Henkel and Günther 2012) . In this paper here, we present a simplified method for GF and IF linear combinations using simultaneously triple-frequency code and phase observations with different sets of scaling factors for the code noise. For given integer coefficients of the three ambiguities, the optimized combination with the minimized combined noise can be expressed as a function of the three frequencies and the scaling factors of the code noise on the three frequencies. Different sets of scaling factors were tested with real triplefrequency Galileo data.
The GF and IF linear combination is useful especially for the case of long baselines (e.g. a global network), where the first-order term of the ionospheric delays cannot be fully eliminated, and for the case of Wide Area Real Time Kinematics (WARTK) measurements, where the geometryrelated information such as the orbits, the clocks and the troposphere parameters are not available precisely enough and sometimes need to be estimated. In the case of Precise Point Positioning (PPP), the method can only be used when the satellite-and receiver-related biases are stable enough and can be estimated before the ambiguity resolution.
In order to solve the ambiguities, three linearly independent combinations are necessary. Various studies have been done in recent years to find the third GF and IF linear combination with acceptable noise. The ambiguity-corrected phase observations were used instead of the code observations to significantly reduce the noise level of the combination, and three sets of GB phase linear combinations were proposed to form a geometry-free linear combination (Li et al. 2010) . Apart from that, Li et al. 2012 established a GF and IF approach for narrow-lane ambiguity resolution. In this study here, a more general method using ambiguity-corrected phase observations is used to form the third linear combination. It is analytically demonstrated that the noise level after combination is only a function of the three frequencies. This frequency-dependent factor is investigated for different GNSS. The Galileo combination using E1, E6 and E5a has the smallest frequency-dependent factor and the best behavior among all the systems.
The theoretical derivations were verified with real data. The data were processed for 11 days in 2012 and the fractional parts and formal errors of the estimated ambiguities for all the three linear combinations were investigated.
GF and IF triple-frequency linear combinations
Ignoring hardware delays, multipath errors and higher-order terms of the ionospheric refraction, the code and phase observation equations of a specific carrier frequency on the zerodifference level can be described as follows:
where P i and L i represent the code and phase observation on frequency f i , respectively. The symbol ρ is the distance from the satellite at the epoch of transmission to the receiver at the epoch of reception. δ tro , δ r and δ s stand for the tropospheric delay, receiver clock correction and satellite clock correction, respectively. I 1 is the first-order term of the ionospheric refraction on carrier L 1 and c is the speed of light. P and L stand for the code and phase observation errors, respectively. λ i represents the wavelength of the signal on frequency f i and n i represents the ambiguity on frequency f i . If the phase and code observations are available on three frequencies, it is possible to generate linear combinations that are both, GF and IF, i.e. they eliminate all geometryrelated terms and the first-order ionospheric refraction. With the help of Eq. 1, the most general linear combination that can be formed using the code and phase observations on three carrier frequencies is given by:
where L x is the combined observation. γ i (i = 1, . . . , 6) represent the weighting coefficients of the three phase and the three code observations. stands for the observation error after combination. The combined ambiguity n x , which is a linear combination of the ambiguities n 1 , n 2 and n 3 , has to be an integer for ambiguity resolution purposes:
where λ x represents the wavelength after combination. a x , b x and c x are integer coefficients of the phase combinations on three frequencies. As a result of Eq. 3, we obtain the following relationships between the weighting coefficients γ 1 , γ 2 and γ 3 and the integer coefficients a x , b x and c x (Henkel and Günther 2010) :
Compared to the method, where a GB code combination is subtracted from a GB phase combination (Feng et al. 2007 ), the general combination described above has the advantage of being more general and not losing any degrees of freedom. Apart from that, the weighting coefficients γ 4 , γ 5 and γ 6 of the code observations do not have to follow the same relationship as those of the phase observations (see Eq. 4).
In order to generate a GF linear combination, the factor appearing before the geometry-related terms (see Eq. 2) has to be zero. Using Eq. 4, the following equation for the weighting coefficients γ 4 , γ 5 and γ 6 of the code observations can be derived:
An IF linear combination requires the factor before I 1 (see Eq. 2) to be zero. With the help of Eq. 4, the following equation can be derived:
With Eqs. 5 and 6, the code weighting coefficients γ 4 and γ 5 can be expressed as functions of γ 6 :
with
,
where m 1 and m 3 are functions of the three frequencies and the integer coefficients a x , b x and c x with the characteristics Since the code observation noise is dominant in the combined noise, the minimal code observation noise after combination is of great interest. Assuming that the code noise on the three carrier frequencies σ P1 , σ P2 and σ P3 can be formulated with three scaling factors C 4 , C 5 and C 6 and an unscaled code observation noise σ P in meters:
the so-called code noise amplification factor N Code can be formulated as follows:
≥ 0, and the combined code noise σ C Code expressed in cycles of λ x can be formulated as:
Equation 10 shows that both, the code noise amplification factor N Code and the combined code noise σ C Code , are the square root of a quadratic polynomial in γ 6 , and are minimal, if
In this case, we have
where the value N M I N is independent of the combined frequency f x . Expressed in another way, the minimal σ C Code can be determined, when the integer coefficients a x , b x and c x for the phase observations and the scaling factors C 4 , C 5 and C 6 are given. At the same time, all six weighting coefficients γ i (i = 1, . . . , 6) are given up to a common factor f x (see Eqs. 4, 7 and 11), that does not affect N M I N .
The phase noise plays only a secondary role compared to the code noise, but it still needs to be considered. Assuming that the phase observation noise is identical in either meters or cycles for all the three frequencies, it turns out that the combined phase noise σ C Phase in cycles is also independent of the combined frequency f x :
where σ L and σ C L represent the phase observation noise of the three carrier frequencies in meters and in cycles, respectively.
The entire combined noise σ C in cycles is, thus, also independent of the combined frequency f x and can be formulated as:
To eliminate receiver and satellite electronic delays, typically double differences are formed for ambiguity resolution. Assuming that the linearly combined measurements have a white noise, the formal errors σ C D Amb (in cycles) of the ambiguity estimates on the double-difference level decrease inversely proportional to the square root of the number of observation epochs n:
where σ C M P represents the multipath errors in cycles for each station. In Eq. 15, it is assumed that both stations have uncorrelated code and phase noise and multipath errors. The factor of two in Eq. 15 results from forming of double-differences.
With the assumption that the observation noise has a normal (Gaussian) distribution, the probability for correct ambiguity-fixing, namely the success rate, can be calculated according to Wang et al. (2004) :
where P D correct represents the probabilities for a correct ambiguity-fixing on the double-difference level, and x and z stand for the unnormalized and normalized fractional parts of the ambiguity estimates in cycles, respectively. The probability of correctly fixing the ambiguity is then calculated with the cumulative distribution function of the standardized normal distribution Φ(m):
where erf is the error function, and m stands for
The best GF and IF triple-frequency linear combinations for different GNSS frequency triplets
To find the IF and GF triple-frequency combinations for GPS signals at L1( f 1 = 1575.42 MHz), L2( f 2 = 1227.6 MHz) and L5( f 3 = 1176.45 MHz) with the lowest σ C in cycles, the integer coefficients a x , b x and c x were varied in the range of −10 to +10. A phase observation noise of σ L = 0.01 cycles was assumed. For the code observation noise, two different sets of scaling factors C 4 , C 5 and C 6 were tested. The first set assumes an identical noise level of σ P = 0.5 m for all three frequencies (C 4 = C 5 = C 6 = 1). The best four combinations resulting in this case are listed in the top part of Table 1 . The second set uses scaling factors according to the CRB (Henkel and Günther 2012) with σ P = 2 m, C 4 = C 5 = 0.2592 and C 6 = 0.0783 leading to the four combinations given in the bottom part of Table 1 . The entire combined noise values σ C and σ C C R B in cycles for these two cases are shown in the sixth column of Table 1 . The six weighting coefficients γ i (i = 1, . . . , 6) are listed in the third, fourth and fifth column. The wavelength of the linear combinations was set to 1 m. The success rates on the double-difference level with 1 and 10 observation epochs for these two cases are documented in the last two columns. The combinations with opposite signs for a x , b x and c x , which deliver the same σ C and σ C C R B , are not listed in Table 1 .
The triple-frequency combinations using code and phase observations simultaneously are not only eliminating the first-order term of the ionospheric refraction and all the geometry-related terms, but they are also reducing the code noise significantly. Compared to the Melbourne-Wübbena combination for double frequencies, which leads to a noise of σ C = 0.4136 cycles with the assumption that the code and phase noise equals 0.5 m and 0.01 cycles, respectively, we can benefit more from the triple-frequency linear combinations such as (0,−1,1) with σ C = 0.0615 cycles and (1,−4,3) with σ C = 0.3517 cycles. We can also see that σ C C R B for the linear combination (0,−1,1) is much smaller than σ C , because the observation noise assumed for L5 is much smaller. However, for the other linear combinations, σ C C R B does not seem to benefit a lot from this smaller noise on L5.
Apart from GPS, the Galileo system will provide signals at E1(1575.42 MHz), E6(1278.75 MHz), E5b(1207.14 MHz), E5(1191.795 Hz) and E5a(1176.45 MHz), and the Chinese Compass system will also transmit multi-frequency signals. The combinations for Galileo, named GalileoA (E1, E6 and E5b), GalileoB (E1, E6 and E5), GalileoC (E1, E6 and E5a) and GalileoD (E1, E5b and E5a), as well as the triple-frequency combination for Compass-III (B1 at 1575.42 MHz, B3 at 1268.52 MHz and B2 at 1191.795 MHz) −0.6859 0.0238 0.1844 (Li et al. 2012) were investigated with respect to their noise values. The phase observation noise is set to be 0.01 cycles, while the code observation noise is set to be σ P = 0.5 m with scaling factors C 4 = C 5 = C 6 = 1 for the first case and σ P = 2 m with scaling factors proportional to the CRB for the second case. The CRB for the Galileo signals are 11.14 cm for E1, 1.95 cm for E5, 7.83 cm for E5a and E5b and 11.36 cm for E6 (Henkel and Günther 2012) . For each system, the two linear combinations with the lowest combined noise are listed in Table 2 . We see that for all investigated GNSS, the combined ambiguities can be rounded to the nearest integers with high success rates after only about 10 observation epochs. Looking at the second best linear combination, Compass-III and most of the Galileo combinations show a better performance than GPS. The σ C C R B is generally much smaller than σ C , because the code observation noise assumed in the case of CRB is much smaller than σ P = 0.5 m. As long as we do not know the real noise level of the triple-frequency observations, it is hard to decide which of the two selections of scaling factors is more suitable for minimizing the combined noise level of the linear combinations. Therefore, both selections were tested with real data (see Sec. 4).
Resolving ambiguities on the three carrier frequencies
In order to resolve all three ambiguities n 1 , n 2 and n 3 , three linearly independent linear combinations are required. It is hard, however, to find a third linear combination, because all the combinations with relatively low noise are linearly dependent on the first two combinations given in Tables 1 and 2 . For this reason, significant research has been performed in recent years to form a third linear combination with relatively low noise. In this section, the results of such an investigation are shown using a general linear combination of the phase observations on three carrier frequencies.
The resolved combined ambiguities from the first two linear combinations, n x and n y , are introduced as known into the third linear combination with the ambiguity named n z : n x = a x n 1 +b x n 2 +c x n 3 , n y = a y n 1 +b y n 2 +c y n 3 ,
This means that the integer coefficients a z , b z and c z of the third linear combination do not necessarily have to be integers; only a linear combination of a z , b z and c z , here called Q(a z , b z , c z ), has to be integer. Because the third linear combination is linearly independent of the first two, the integer Q(a z , b z , c z ) is not allowed to be zero.
If the integer coefficients of the first two linear combinations have the pattern (u, v, −(u + v) ) as listed in Tables 1 Table 2 IF and GF triple-frequency linear combinations for different GNSS with small combined noise
GalileoA (E1, E6 and E5b) and 2 (see also the pattern found by Cocard et al. (2008) for the promising triple-frequency GF carrier phase linear combinations), the function Q(a z , b z , c z ) always equals a z + b z + c z , which means a z + b z + c z has to be an integer. Let us call this integer I :
In order to further reduce the noise, the so-called ambiguity-corrected phase observations from the first two linear combinations can be used instead of the code observations (Li et al. 2010 ). The phase observations on the three carriers f 1 , f 2 and f 3 , and both of the ambiguity-corrected combined phase observationsL x andL y are again combined linearly:
where γ xi , γ yi and γ zi (i=1,2,3) represent the phase weighting coefficients for the three linear combinations, respectively. q 1 and q 2 stand for the weighting coefficients of the ambiguity-corrected phase observations from the first two linear combinations. It should be noted that the ambiguitycorrected phase observationsL x andL y are neither GF nor IF. In order to generate an IF and GF combination according to Eq. 20, the following two criteria must be fulfilled (see Eqs. 4, 5 and 6):
The parameters q 1 and q 2 can be calculated as
In order to calculate the entire combined noise, Eq. 20 can then be expressed based only on the phase observations on the three frequencies:
Assuming that the phase observation noise on the three carriers is identical and amounts to σ L in meters or σ C L in cycles, the entire combined noise σ C z in cycles of λ 1 (see Eqs. 18, 19 and 24) for the third linear combination can then be calculated as:
Inserting Eq. 23 into 25, we obtain the equations
where p a , p b and p c are functions of the three carrier frequencies f 1 , f 2 and f 3 and the integer coefficients a i , b i and c i (i = x, y, z). They are independent of the three combined frequencies f x , f y and f z . Inserting Eq. 26 into 25, we obtain:
We see that σ C z (in cycles of λ 1 ) is independent of the combined frequencies f x , f y and f z . From Eqs. 18, 19 and 23, it is not hard to get:
As a result, σ C z will not be affected if all the signs of the integer coefficients a i , b i and c i are changed simultaneously:
Equation 27 can also be formulated with the phase observation noise and a noise factor μ or μ C :
If the integer coefficients (a x , b x , c x ) and (a y , b y , c y ) of the first two linear combinations follow the pattern (u, v, −(u + v) ) as in Tables 1 and 2 , the noise factors μ and μ C are independent of the integer coefficients a i , b i and c i (i = x, y, z). This conclusion agrees with the results of Li et al. (2010) . We get
σ C z (in cycles of λ 1 ) was calculated for different GNSS frequency triplets with a pre-defined phase observation noise σ L = 5 mm or σ C L = 0.01 cycles. The results are shown in Table 3 . The second and the fourth column list σ C z with σ L = 5 mm and σ C L = 0.01 cycles, while the third and fifth column document the corresponding noise factors μ and μ C . We see that the third linear combinations of Compass-III, GalileoA, GalileoB and GalileoC reach a lower noise factor than GPS. The noise factors μ and μ C for GalileoC with E1, E6 and E5a are about 40% smaller than those for GPS.
The formal errors of the n 1 ambiguity estimates decrease with an increasing number of observation epochs (see Eq. 15). Figure 1 (top) shows the formal errors σ C D Amb of the n 1 ambiguity estimates on the double-difference level for different GNSS frequency triplets ignoring the multipath errors because of the low weighting coefficients of the code observations (see Table 1 ). The noise level of the phase observations is set to be σ C L = 0.01 cycles. We immediately see that the combinations GalileoA, GalileoB, GalileoC and Compass-III show an even better behavior than GPS. For GalileoC (black line) σ C D Amb is lower than 0.2 cycles after 213 epochs and reaches about 0.13 cycles after 500 epochs. The formal errors of the n 1 ambiguity estimates are also directly related to the success rates (see Eq. 16) of the ambiguity resolution, which are shown in Fig. 1 (bottom) with σ L = 0.01 cycles. We conclude that under the assumptions made, the success rates for GalileoB (green line), GalileoC (black line) and Compass-III (yellow line) are above 90% after 200 epochs. 
Fig. 1 Formal errors of the n 1 ambiguity estimates (top) and the success rates (bottom) as a function of the number n of observation epochs

The best linear combination after resolving all three ambiguities
After resolving n 1 according to Sec. 3, the other two ambiguities n 2 and n 3 can easily be computed using the resolved combined ambiguities n x and n y (see Eq. 18). Making use of our knowledge of all three integers n 1 , n 2 and n 3 , we are now looking for the best IF and GB linear combination with minimized noise in meters. With the help of Eq. 1, the triple-frequency phase linear combination can be formulated as:
where L P represents the triple-frequency phase linear combination. Li et al. (2012) have shown that the coefficients γ 1 , γ 2 and γ 3 are just functions of the three frequencies. The minimal combined noise values σ M D min in meters for different GNSS frequency triplets on the double-difference level are listed in Table 4 with the assumption that the phase observation noise is 0.01 cycles on each of the three frequencies. After resolving the three ambiguities, the minimized noise of the phase GB and IF linear combination is then about 1 cm for all the investigated GNSS frequency triplets.
Verification with real data
The theoretical derivations of the GF and IF triple-frequency linear combinations were verified with real GPS and Galileo data. The two GPS-IIF satellites PRN01 (SVN63) and PRN25 (SVN62) are sending signals on the three frequencies f 1 , f 2 and f 5 (USNO 2012). Both of the GIOVE (Galileo InOrbit Validation Element) satellites, GIOVE-A and GIOVE-B, and the two Galileo In-Orbit Validation (IOV) satellites (PFM and FM2), which were launched in October 2011, are also providing signals on more than two frequencies (Inside GNSS 2012) . The 24-h Multi-GNSS Experiment (M-GEX) data (Weber 2012 ) with a sampling rate of 30 s were collected for the period 29 April 2012 to 9 May 2012 from the IGS website ftp://cddis.gsfc.nasa.gov/pub/gps/data/campaign/mgex/ daily/rinex3/2012 (Noll et al. 2009 ) in the format RINEX 3.00 (Gurtner 2007; Januszewski 2011) . About 30 M-GEX stations were available in this time period (see Fig. 2 ). In order to form double-differenced triple-frequency linear combinations, at least two satellites of each system providing more than two frequencies have to be available. The two GPS-IIF satellites PRN01 and PRN25 can only be observed simultaneously from two stations during a short time interval at low elevation angles, while a relatively long overlapping time can be found for E11 (Galileo-IOV satellite PFM), E12 (Galileo-IOV satellite FM2) and E52 (GIOVE-B satellite) in the available M-GEX dataset. Because no signal on frequency E6 was recorded simultaneously for two stations with a baseline shorter than 1,000 km, the frequency combination GalileoD (E1, E5b, E5a) (see Fig. 1 ; Tables 2, 3) was used for the processing of Galileo baselines. An elevation mask of 6 • was set for all satellites. The observations were weighted with the elevation angle β E according to
where P Z s r and P D represent the weight of the observations on the zero-difference and double-difference level. Figure 3 shows the fractional parts and the formal errors of the estimated n x and n y for two Galileo baselines, namely ons1 (Onsala, Sweden) -mar7 (Gavle, Sweden) with a baseline length of 470 km and brux (Brussels, Belgium) -grab (Graz, Austria) with a baseline length of 913 km (see Fig. 3a , b) as well as for two GPS baselines ons1-mar7 and kir8 (Kiruna, Sweden) -mar7 with a baseline length of 832 km (see Fig. 3c, d ). Generally speaking, the estimated n x and n y from the first two GF and IF linear combinations mostly have an absolute fractional part below 0.2 cycles with a formal error smaller than 0.1 cycles. We see that the formal errors decrease with increasing number of observation epochs and are mostly below or around the expected values (red line and blue line; according to Eq. 15) except for some outliers generated by the Galileo baseline brux-grab. It is not hard to see that for the Galileo linear combinations, the results generated from baseline brux-grab are generally worse than the results of the baseline ons1-mar7. The reason certainly is that different tracking modes or channels for the same frequency (Gurtner 2007) exhibit biases that do not cancel by double-differencing. In addition, since different antenna types are part of the baseline brux-grab, Phase Center Variations (PCVs) may also lead to deviations from integers. It should be noted that signals were received on the same channels for the Galileo baseline ons1-mar7 (E1X, E5bX, E5aX), but at different channels for the baseline brux-grab with E1C, E5bQ and E5aQ for station brux and E1X, E5bX, E5aX for station grab. For the GPS baselines, the results using the channels (L1C, L2W, L5X) are plotted.
Impact of receiver tracking modes on n x and n y
To have a closer look at the differences in the results caused using different tracking channels, the fractional parts and the formal errors of the estimated n x and n y ambiguities were compared using different tracking channels for both of the GPS baselines. Only identical ambiguities (same baseline, same day and same number of observation epochs) were compared and the standard deviations of the absolute fractional parts (see column 2 and 3) and the standard deviations of the formal errors (column 4 and 5) for each tracking channel combination are listed in Table 5 . We see that the fractional n x of the combination L1C, L2W and L5X for one station and L1C, L2X and L5X for the other station are the smallest for the case of 45 epochs, while using channels L1C, L2W and L5X for both stations seems to be the best choice for 160 epochs. Among different choices of tracking channels, we did not observe big differences for the formal errors. As expected, the formal errors of the linear combinations with about 160 epochs are generally smaller than those with only 45 epochs. The scaling factors of the formal errors between the two cases are bigger than the expected scaling factors √ 160/45 because of the elevation dependency. For the case of 160 epochs, the elevation angles are generally larger than for the 45 epoch case. We also see that the real errors (column 2 and 3) are slightly smaller than the formal errors (column 4 and 5) for the case of 45 epochs and bigger than the formal errors for the case of 160 epochs. The systematic effects (such as multipath errors) play a more and more important role as the time interval considered is increasing. A more concrete investigation concerning the channel combinations will be possible, if more M-GEX data is available in the future. 
Scaling factors for the code noise
As discussed in Sec. 2, two different sets of scaling factors for the code observation noise on the three frequencies, namely the identical scaling factors C 4 = C 5 = C 6 = 1 and the scaling factors according to CRB, were tested with real data. Since the overlapping time interval for the observation of the two GPS satellites PRN01 and PRN25 is very short for most of the baselines, only real data of the Galileo satellites from 29 April 2012 to 9 May 2012 was used for this analysis. The differences in the formal errors using the two sets of scaling factors (CRB scaling factors minus identical scaling factors) are shown in Fig. 4 . We see that in most of the cases, using identical scaling factors generates smaller formal errors for the combined ambiguity n y of the second linear combination, especially for ambiguities n y with short observation intervals. For the first linear combination, the case using identical scaling factors is also slightly better than using the CRB scaling factors. This gives a hint that the actual measurement noise levels of the code observations on different frequencies should be studied more carefully. In view of the better performance, the ambiguities n x and n y based on C 4 = C 5 = C 6 = 1 were thus introduced for the analysis of the third linear combination.
The third linear combination
The linear combinations of the real observation data which were used to fix n x , n y and n 1 for the baseline ons1-mar7 and satellites E11 n y and divided by the integer I (see Eq. 18). We see that the core problem of triple-frequency ambiguity resolution is fixing the ambiguities n 1 with the third linear combination.
The triple-frequency combinations for the baselines ons1-mar7 and brux-grab on 29 April 2012 are listed in Table 6 . The frequencies on L1, L2 and L5 and on E1, E5b and E5a were available and used when forming triple-frequency linear combinations. In Table 6 , the channels which generate the lowest formal error for n 1 on 29 April 2012 were selected for each baseline. The second and fourth column document the fractional parts of the estimated combined ambiguities n x and n y , and the third and fifth column list their corresponding formal errors. The estimated n 1 from the third linear combination and its formal error are listed in the sixth and seventh column, and the last column lists the expected formal errors σ E n1 of n 1 calculated with the theoretical derivations (see Eqs. 15, 30) based on the assumption that the phase observation noise is 0.01 cycles and independent of the elevation angle.
We see that for the third combined ambiguity, the formal error is sometimes bigger than expected and sometimes smaller. The relatively big formal error of n 1 is very likely caused by the real observation noise, which is bigger than expected, or the effects that are included in the observation noise such as, e.g. multipath errors. To have a closer look, Fig. 6a, b shows the third combined observation L C D z in cycles on the double-difference level divided by the factor μ C for different pairs of stations and satellites. An offset was subtracted for each pair and each time interval. The elevation angles for the two Galileo baselines are shown in Fig. 6c, d . We see an obvious correlation between the elevation angles, the observation noise and the formal errors of the estimated n 1 .
The standard deviation σ C D L of the combined phase observations Fig. 6a, b and the mean values of the elevationdependent weights of the double-differenced observations are given in Table 7 . The expected phase observation noise σ EC D L on the double-difference level is 0.02 cycles. It is not hard to see that the real noise for short observation intervals is in some cases bigger than 0.02 cycles due to the low elevation angles (small weights), which results in relatively big formal errors in Table 6 . Fig. 7 Formal errors of estimated n x , n y and n 1 for Galileo baselines ons1-mar7 and brux-grab and GPS baselines ons1-mar7 and kir8-mar7 from 29 April 2012 to 9 May 2012 Figure 7 shows the formal errors of the estimated n x , n y and n 1 for (a) the two Galileo baselines and (b) the two GPS baselines for the time period from 29 April 2012 to 9 May 2012. The red, blue and black dots represent the formal errors of the estimated n x , n y and n 1 , respectively. The magenta lines stand for the expected formal errors of n 1 with the assumption that the phase observation noise equals 0.01 cycles on the zero-difference level. They correspond to the magenta line (Galileo) and the blue line (GPS) in Fig. 1  (top) . The green line marks the boundary of 0.2 cycles for the formal errors. We see that the formal errors decrease with an increasing number of observation epochs. n x and n y , which are determined from the first two linear combinations, are generally much easier to be fixed than n 1 from the third linear combination. Most of the formal errors for n 1 are below or around the expected values, which suggests a phase observation noise around or lower than the assumed 0.01 cycles, except for some cases with short observation intervals and low elevation angles. The formal errors for n 1 are mostly below 0.2 cycles, if the number of observation epochs is larger than 400 epochs. Table 8 lists the real errors, i.e. the absolute fractional parts, and the formal errors of the estimated n x , n y and n 1 for the cases with more than 400 observation epochs for both of the Galileo baselines. We see that the real errors are mostly smaller than 0.01 cycles for n x and 0.15 cycles for n y . The real errors for the first two linear combinations are sometimes bigger than the formal errors, but do not affect the fixing of n x and n y . For the third linear combination, the real errors are about 67% bigger than the formal errors and are sometimes bigger than 0.3 cycles. The systematic effects, such as multipath errors, that are present in the phase-only observations, result in difficulties for the ambiguity resolution of n 1 . We also see that the behavior of the baseline ons1-mar7 is much better than the baseline brux-grab for both, the second and the third linear combination. The biases caused by different tracking channels (see Sec. 5.2) and, possibly, PCVs caused by different antenna types play an important role in ambiguity resolution.
However, with more and more Galileo and GPS satellites providing three frequencies in the near future, longer observation times including also higher elevation angles can be expected. It will, thus, be possible to obtain a higher success rate for fixing n 1 in the third linear combination, i.e. more n 1 ambiguities with a formal error lower than 0.2 cycles will result. To achieve better results, it will also be necessary to calibrate the PCVs as well as the differential code biases (DCBs) between channels. Furthermore, if the signals on E6 from the Galileo satellites and the signals on B1, B3 and B2 from the Compass-III satellites can be received by more stations in the future, the linear combinations of GalileoA, GalileoB, GalileoC and Compass-III (see Table 3 ) will be able to generate much better results for n 1 , namely better by a factor of two to three.
Summary and conclusions
In this work, we presented a simplified method for ambiguity resolution using triple-frequency GF and IF linear combinations. The code and phase observations on the three frequencies were simultaneously used to identify the two GF and IF linear combinations with the lowest noise level. It has been demonstrated that the noise level after forming the linear combinations is independent of the combined wavelength. The third linear combination with a low noise level is much more difficult to be found and poses the core problem in triple-frequency ambiguity resolution. A general method using the ambiguity-corrected phase observations without any constraints was used to search for the optimal GF and IF linear combination. We analytically demonstrated that the combined noise level is only a function of the three frequencies and not depending on the details of the linear combination. The resulting frequency-dependent factor was investigated for different GNSS frequency triplets. The Galileo combination using E1, E6 and E5a shows the best behavior among all the systems. The theoretical derivations were verified with real data. Different scaling factors for the code noise on the three frequencies were set and tested. Using identical scaling factors has been shown to be better than using scaling factors derived from the CRB of the signals, especially for the second linear combination. The formal errors of the estimated ambiguities using E1, E5b and E5a, which is expected to show the worst performance among different GNSS triplefrequency combinations in our investigation, are mostly better than expected and below 0.2 cycles, if the observation span is longer than 400 epochs. The ambiguities with big formal errors have usually short observation times and low elevation angles. Because the number of the available triplefrequency satellites is very limited at the moment, the observation time for each ambiguity on the double-difference level is in most of the cases relatively short. With more and more triple-frequency satellites and better calibrations of PCVs and DCBs between channels in the near future, we can expect a more reliable ambiguity resolution. Furthermore, if the Galileo E6 signal of more stations will become available, an improvement factor of two to three in total can be expected.
